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Abstrat
The Shrödinger equation, in hyperspherial oordinates, is solved
in losed form for a system of three partiles on a line, interating via
pair delta funtions. This is for the ase of equal masses and poten-
tial strengths. The interations are replaed by appropriate boundary
onditions. This leads then to requiring the solution of a free-partile
Shrödinger equation subjet to these boundary onditions. A general-
ized Kontorovih - Lebedev transformation is used to write this solution
as an integral involving a produt of Bessel funtions and pseudo-Sturmian
funtions. The oeient of the produt is obtained from a three-term
reurrene relation, derived from the boundary ondition. The ontours
of the Kontorovih-Lebedev representation are xed by the asymptoti
onditions. The sattering matrix is then derived from the exat solution
of the reurrene relation. The wavefuntions that are obtained are shown
to be equivalent to those derived by MGuire. The method an learly be
applied to a larger number of partiles and hopefully might be useful for
unequal masses and potentials.
Introdution
Three-body systems and proesses are of fundamental interest in physis [1℄.
One of these, with whih a number of us have been onerned, is the reombi-
nation of three-partiles to a dimer plus a free partile, in a many body system
forming a Bose-Einstein ondensate [2℄. The ondensate is not the lowest state of
the system, but a metastable state. The 3-body reombination is the dominant
mehanism for ooling and lowering the overall energy of the system.
Experimental and theoretial studies have shown that this reombination
rate depends mainly on the two-body sattering length a [3, 4, 5, 6, 2℄, as the
1
ollision energy is low and the interation is weak - owing to large interpartile
distanes, and on the bound state energies.
This would suggest that zero-range potentials (ZRP), dened in terms of the
sattering length [7℄,
lim
r→0
[
1
rψ
∂ (rψ)
∂r
]
= −1/a. (1)
an be applied to model the interation between the partiles of the ondensate.
It has been shown by Nielsen and Maek using the hidden rossing tehnique
that the ZRP desribes properly the reombination transition in a system of
three
4
He atoms [2℄. Also, Gasaneo and Maek showed that the ZRP gives a
quite good representation for the adiabati potential of the same system [8℄.
A losed form solution for a system of three-partiles interating via a ZRP
has been reently presented by Gasaneo et al [9℄. The fragmentation proess
4
He2 +
4
He−→ 4He+ 4He+ 4He was studied and relatively good agreement
was found when ompared with the hidden rossing alulations.
In this paper, we seek to apply our tehniques to a famous model: 3 partiles
in one dimension, subjet to pair delta-funtion interations. For this model,
introdued by MGuire [10℄, one an obtain exat solutions for the wave fun-
tions, the sattering matrix and the binding energies, in the ase of partiles
of idential masses and equally weighted interations. As suh it has been ex-
tended to a larger number of partiles [11℄, using Bethe's Ansatz [12℄, and also
found to be exeedingly useful when used as a test-bed for the development of
a number of dierent methods (pertubative, Faddeev, hyperspherial adiabati,
et.) [13℄.
Here, we note that using ZRP and (1), in 3-dimensions, leads to the Thomas
eet and the ollapse of the 3-body ground state [14℄. However, in one dimen-
sion, an equation similar to (1) - with a not the sattering length - provides
boundary onditions whih orretly haraterizes the wave funtions and re-
plae the use of the δ-funtion interations, and should therefore again give us
exat results. One of these, though, is that the reombination rate, for this
model, is exatly zero.
In setion II we propose a solution, written in integral form, for the free
partile Shrödinger equation, written in hyperspherial oordinates. A linear
ombination of free partile solutions an then be found to satisfy the boundary
ondition that we alluded to earlier, and thus provide us with the solution of
the problem with interation. The requirement that the wave funtion satisfy
the boundary onditions leads us to one of the important results of this paper,
namely that the weight of the free partile solutions, in the integral form, satises
a reurrene relation similar to that obtained in the refs. [15℄ and [9℄.
In setion III the method is applied to a partiular ase in whih two of
the partiles are bound. It is shown that the reurrene relation, dening the
oeient of the free-partile expansion, an be solved in losed form and, thus,
the sattering matrix is also obtained in a losed form. This allows us to have
a detailed test of our method. In this setion it is also shown that the wave
2
funtion obtained is equivalent to the MGuire plane wave solution, and that
our expression for the S matrix is the matrix obtained by MGuire, in the
partiular ase disussed in this paper. In setion IV the relation between the
hyperspherial adiabati approah and the present one is disussed.
In Appendix A, the pseudo-Sturmian funtions are derived. In Appendix B,
the wave funtion is written as the symmetri wave plane in artesian oordi-
nates.
Exat Integral Representation
To begin the study of the three idential-partile system (therefore with equal
masses), onsider the enter of mass and Jaobi oordinates,
r =
1
3
(x1 + x2 + x3),
η =
√
1
2
(x1 − x2),
ξ =
√
2
3
(
x1 + x2
2
− x3
)
(2)
the xi give us the loations of the 3 partiles along the line, see Fig. 1 .
Using polar oordinates, the 2 Jaobi variables allow us to dene, in turn, a
hyper radius R and an angle θ as
η = R cos θ ξ = R sin θ (3)
where −pi < θ ≤ pi and 0 ≤ R < ∞. In terms of these oordinates the
Shrödinger equation for the `relative' system an be written as
HΨ(R, θ) = (
2m
~2
)EΨ(R, θ) (4)
where
H = −
(
1
R
∂
∂R
R
∂
∂R
+
1
R2
∂2
∂θ2
)
+
1
R
C (θ) . (5)
The funtion C (θ) is dened by
C (θ) =
pi
3
c
5∑
j=0
δ (θ − θj) , (6)
where the oeient c equals (3/pi
√
2)(2m/~2)g, g being the strength of the
interations. This c is negative for attrative interations and positive for re-
pulsive ones. The angles θj equal (2j + 1)pi/6. The lines θ = θj divide the
(ρ, θ) plane in six regions. In eah region the order of partiles is xed, so that
between θ4 and θ5, x1 < x2 < x3, et. A dierent permutation of partiles is
3
Figure 1: One of three sets of Jaobi oordinates for the three partiles.
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assoiated to eah region. >From now on, we will hoose the units suh that
2m = 1 and ~ = 1. In eah setor, we now seek a free partile solution that
satises the boundary ondition that will replae the eet of the potential, i.e.
lim
θ−→θj
[
1
RΨ(R, θ)
∂Ψ(R, θ)
∂θ
]
= −1
a
, (7)
where θ− = θ < θj j = 0, 1, ..., 5. In Eq.(7) a = (6/pic) does not depend on
j beause all the strengths of the interations and all the masses are equal.
Writing a solution for the free partile system as the produt ψfree (R, θ) =
Θ (ν, θ)R1/2Rν (KR), where K2 = E, leads to the set of free partile equations
R2
R−1/2Zν (KR)
[
∂2
∂R2 +K2
]
R−1/2Zν (KR)
=
−1
Θ(ν, θ)
(
∂2
∂θ2 +
1
4
)
Θ(ν, θ) = ν2 − 1
4
, (8)
where Zν (KR) = R
1/2Rν (KR) is a Bessel funtion and ν a separation onstant.
If for the Θ(ν, θ) funtions we hoose the pseudo-Sturmian funtions S(ν, θ),
dened, for xed ν, as the solutions of
−
[
∂2
∂θ2
+
1
4
− ρ (ν)C (θ)
]
S(ν, θ) =
(
ν2 − 1
4
)
S(ν, θ), (9)
then the funtions ψfree (θ,R) = S(ν, θ)Zν (KR) are solutions of the Shrödinger
equation Eq.(4) for values of ρ (ν) = R. Note that Eq.(9) may be replaed by
the relation [
∂2
∂θ2
+ ν2
]
S(ν, θ) = 0 (10)
subjet to the boundary onditions
lim
θ−→θj
[
1
ρ (ν)
1
S(ν, θ)
∂S
∂θ
(ν, θ)
]
= −1
a
, j = 0, 1, ..., 5. (11)
In the last equation, we assumed that S(ν, θ) is symmetri about eah line
θ = θj .
We now propose to write the general wave funtion of the system as a
Kontorovih-Lebedev transform, in terms of the base funtions just disussed,
that is, as
Ψ(R, θ) =
∫
ς
dνA(ν)S (ν, θ)Zν(KR), (12)
provided that its derivative satises the boundary onditions, i.e. Eq.(7). The
ontour of integration must be hosen so that the wave funtion has the orret
asymptoti behaviour.
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Following the reasoning of Gasaneo et al [8℄, we will now show that the
boundary onditions, Eq.(7), an be transformed into a reurrene relation for
A (ν). First, we substitute Eq.(12) in Eq.(7), and then interhange the order in
whih the integral and the derivative are taken, to obtain for eah j
lim
θ−→θj
∫
ς
dνA(ν)
[
1
R
Zν(KR)
∂S(ν, θ)
∂θ
+
1
a
S(ν, θ)Zν(KR)
]
= 0. (13)
Seond, we use Eq.(11) and the identity (2ν/z)Zν(z) = Zν+1(z) − Zν−1(z) to
transform the equation to
lim
θ−→θj
{∫
ς
dνA(ν)
1
ν
[−ρ (ν) /a]S(ν, θ)
× [Zν+1(KR)− Zν−1(KR)]
+
2
Ka
∫
ς
dνA(ν)S(ν, θ)Zν (KR)
}
= 0. (14)
We assumed in the previous equation that K = iK and K ≥ 0, beause we are
mainly interested in negative energies. By seleting the appropriate ontours
we an now transform the last equation to
lim
θ−→θj
∫
ς
dν
[
A(ν − 1) 1
ν − 1ρ(ν − 1)S(ν − 1, θ)
−A(ν + 1) 1
ν + 1
ρ(ν + 1)S(ν + 1, θ)
− 2
K
A(ν)S(ν, θ)
]
Zν(KR) = 0 (15)
Sine the set of Bessel funtions forms a omplete set of basis funtions,
the funtion within the square brakets should be zero at the limit. We arrive,
nally, at the reurrene relation that we are looking for,
B(ν − 1)ρ(ν − 1)S(ν − 1, θj) (16)
−B(ν + 1)ρ(ν + 1)S(ν + 1, θj) = 2ν
K
B(ν)S(ν, θj)
where B(ν) = A(ν)/ν. In the following setion, we will apply this approah to
a partiular ase of this three body system and show that we an obtain the
wave funtion and the S-matrix.
2+1 System
Consider now the ase where two of the partiles are bound. The wave funtion
ψ(R, θ) an still be written in terms of the Kontorovih-Lebedev representation,
6
Eq.(12). The unnormalized angle pseudo-Sturmian funtion S(ν, θ), a six-fold
symmetri funtion, is dened by the Eqs.(10) and (11). As an be seen in
Appendix A, the funtion S(ν, θ) may written as
S(ν, θ) = cos
[(
θ − j pi
3
)
ν
] ∣∣∣θ − j pi
3
∣∣∣ < pi
6
, (17)
with j = 0, 1, ..., 5, where ρ(ν) satises the relation
ν tan(ν
pi
6
) =
1
(6/pic)
ρ(ν). (18)
>From the previous setion, we an immediately onlude that A(ν) satises
the reurrene relation
A(ν + 1) sin
[
(ν + 1)
pi
6
]
−A(ν − 1) sin
[
(ν − 1) pi
6
]
= − pic
3K
A(ν) cos
[
ν
pi
6
]
, (19)
.
Solution of the reurrene relation
The reurrene relation, displayed in Eq.(19), an be written as
ei(pi/6)ν
[
A (ν + 1) ei(pi/6) −A(ν − 1)e−i(pi/6)
+
ipic
3K
A(ν)
]
+ e−i(pi/6)ν
[
−A (ν + 1) e−i(pi/6)
+A(ν − 1)ei(pi/6) + ipic
3K
A(ν)
]
= 0. (20)
An inspetion, of the solution of the reurrene relation - Eq.(25) in ref. [8℄,
leads us to propose a oeient in the form of the series
A (ν) = e−βν
[
e−i(pi/3)ν + Sei(pi/3)ν
+S1e−i(pi/6)ν + S2ei(pi/6)ν + S3
]
(21)
Substituting this expression in Eq.(20), and equating to zero the oeients of
exponentials, with dierent arguments that depend on ν, we obtain the following
values for the parameters:
S = tan
(pi
6
− iβ
)
cot
(pi
6
+ iβ
)
S3 = − cot pi
6
cot
(pi
6
+ iβ
)
(22)
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cos (iβ) = − pic
6K
sin (iβ) = i
k
K
. (23)
Consequently, the solution for the oeient an be written as
A (ν) = e−βν
(
e(−ipi/3)ν + S e(ipi/3)ν + S3
)
, (24)
or
A (ν) = 2 e−βν
[
cos
(pi
3
ν + δ
)
+ α
]
(25)
where
S = e2iδ (26)
and
α = −1
2
cot
pi
6
√
cot
(pi
6
− iβ
)
cot
(pi
6
+ iβ
)
(27)
In the next setion, we demonstrate that S represents the sattering matrix
and, aordingly, δ the phase shift. We should stress the remarkable fat that
the S-matrix appears expliitly in the solution of the reurrene relation. In
the next subsetion it is shown that the expression obtained for S in this work
is equivalent to the formula for the exat symmetri S-matrix for the 2 + 1
proess, given in Ref. [17℄.
Asymptoti wave funtion
To be spei we will restrit the following disussion to the ase of total neg-
ative energies, and will write K =
√
(pic)2/36− k2 ≥ 0, in whih −(pic)2/36
is the two-body bound energy and k2 is the eetive energy. Next, we will
show that the imaginary axis is the appropriate ontour to obtain the orret
asymptoti behaviour of the wave funtion. Substituting the oeients A(ν)
dened in Eqs.(22) and (24), the pseudo-Sturmian funtions given in Eq.(17)
and the modied Bessel funtions Kν(KR), into Eq.(12), as well as hoosing
the imaginary axis as the ontour of integration, we nd
Ψ =∫
ς
dν (cosh [(ipi/3 + β) ν]− sinh [(ipi/3 + β) ν])
× cos
[(
θ − j pi
3
)
ν
]
Kν(KR)
+S
∫
ς
dν (cosh [(ipi/3− β) ν] + sinh [(ipi/3− β) ν])
× cos
[(
θ − j pi
3
)
ν
]
Kν(KR).
8
+S3
∫
ς
dν (cosh [βν]− sinh [βν])
× cos
[(
θ − j pi
3
)
ν
]
Kν(KR). (28)
Note that in the above expression the exponentials in the oeients have been
written in terms of hyperboli funtions. The integral over the odd terms van-
ishes, leaving only the even terms in the integrand. After a trigonometri iden-
tity, this leads to
Ψ =
1
2
{∫
ς
dν cosh
([
β + i
(
θ − [j − 1] pi
3
)]
ν
)
Kν(KR)
+
∫
ς
dν cosh
([
−β + i
(
θ − [j + 1] pi
3
)]
ν
)
Kν(KR)
+S
[∫
ς
dν cosh
([
−β + i
(
θ − [j − 1] pi
3
)]
ν
)
Kν(KR)
+
∫
ς
dν cosh
([
β + i
(
θ − [j + 1] pi
3
)]
ν
)
Kν(KR)
]
+S3
[∫
ς
dν cosh
([
−β + i
(
θ − j pi
3
)]
ν
)
Kν(KR)
+
∫
ς
dν cosh
([
β + i
(
θ − j pi
3
)]
ν
)
Kν(KR)
]
(29)
Using the Kontorovih-Levedev Transforms [16℄, we obtain
Ψ =
ipi
2
(
exp
{
−KR cosh
(
β + i
[
θ − (j − 1) pi
3
])}
+exp
{
−KR cosh
(
−β + i
[
θ − (j + 1) pi
3
])}
+S
[
exp
{
−KR cosh
(
β + i
[
θ − (j + 1) pi
3
])}
+exp
{
−KR cosh
(
−β + i
[
θ − (j − 1) pi
3
])}]
+S3
[
exp
{
−KR cosh
(
−β + i
[
θ − j pi
3
])}
+exp
{
−KR cosh
(
β + i
[
θ − j pi
3
])}]
(30)
Introduing β from Eq.(23) into this expression, yields
Ψ = ipi2
(
exp
{pic
6
R cos
[
θ − (j − 1) pi
3
]
−ikR sin
[
θ − (j − 1) pi
3
]}
9
+exp
{pic
6
R cos
[
θ − (j + 1) pi
3
]
ikR sin
[
θ − (j + 1) pi
3
]}
+S
[
exp
{pic
6
R cos
[
θ − (j + 1) pi
3
]
−ikR sin
[
θ − (j + 1) pi
3
]}
+exp
{pic
6
R cos
[
θ − (j − 1) pi
3
]
ikR sin
[
θ − (j − 1) pi
3
]}]
+S3
[
exp
{pic
6
R cos
[
θ − j pi
3
]
ikR sin
[
θ − j pi
3
]}
+exp
{pic
6
R cos
[
θ − j pi
3
]
−ikR sin
[
θ − j pi
3
]}])
,
j = 0, 1, ..., 5 (31)
From Eq.(17) it is easily seen that this wave funtion is fully symmetri under
the interhange of partiles. The funtion is invariant under the addition of pi/3
to θ, together with the addition of one unit to j, whih is what should be done to
move from one region in the (ρ, θ)plane to its next ounterlokwise neighbour.
Remember that for eah region there is a spei order of the partiles.
We an also see that the real part of eah of the exponential arguments is
negative, exept when θ − (j ∓ 1)pi/3 = ±pi/2, that is on the lines θ = θj ,
where its value is zero. Thus, when R is large, the wave funtion is negligible
exept near the lines θ = θj . Note that only the rst 4 terms give a signiant
ontribution in the asymptoti region. We an be onlude that the form of
the wave funtion is that of produts of bound state funtions, assoiated with
two partiles, with osillatory funtions, whih desribe the loation of the third
partile with respet to the 2 bound ones. Evaluating, then, the wave funtion
for large values of R, its asymptoti form an be written as
Ψ(R, θ′) ∼ e{pic6 R cos θ′}
(
e{−ikR sin θ′} + S e{ikR sin θ′}
)
where pi/6 < θ′ = θ−(j − 1) pi3 < pi/2, j = 0, 1, ..., 5. This asymptoti expression
onsists of a wave representing a two partiles bound state multiplied by an
inoming wave, together with an outgoing wave multiplied by S.
>From the expression in Eq.(22) the matrix S an be written as
S =
sin
(
pi
6 + iβ
)
cos
(
pi
6 − iβ
)
cos
(
pi
6 + iβ
)
sin
(
pi
6 − iβ
)
10
=
sin pi3 − sin (−2iβ)
sin pi3 + sin (−2iβ)
=
sin pi3 + 2 sin (iβ) cos (iβ)
sin pi3 − 2 sin (iβ) cos (iβ)
. (32)
In terms of K,
cos (iβ) sin (iβ) = − pic
6K
ik
K
=
−ipick
6 (pi2c2/36− k2) . (33)
Therefore
S = 1− 36 (k/pic)
2 − i (24/√3) (k/pic)
1− 36 (k/pic)2 + i (24/√3) (k/pic) (34)
This is, preisely, the sattering matrix
S =
[−1− i (6√3/pic) k] [3 + i (6√3/pic) k][
3 + i
(
6
√
3/pic
)
k
] [−1 + i (6√3/pic) k] , (35)
given as Eq.(61) in Ref. [17℄. It orresponds to the symmetri S matrix alu-
lated for the spei proess 2 +1.
The matrix S3, see again (22), has the following form as a funtion of k
S3 =
3 + i
(
6
√
3/pic
)
k−1 + i
(
6
√
3/pic
)
k. (36)
S3 multiplies the shorter ranged part of the exat wave funtion, that goes
to zero when R goes to ∞.
Additional insight an be gained, by following the reasoning of MGuire
[10℄. The sattering of 3 asymptotially free partiles, to 3 also asymptotially
free partiles, requires 3 (suessive) ollisions, and yields the part of the wave
funtion assoiated with the alulation of the S-matrix. Intermediate stages,
assoiated with fewer ollisions, give rise to the shorter ranged part of the wave
funtions. A similar reasoning holds for the 2 + 1 proesses.
In onlusion, we have shown that this integration ontour, and the hoie of
Bessel funtions, have imparted the orret asymptoti behaviour. Furthermore,
we an dedue from the asymptoti expression that the oeient S represents
the S-matrix.
Relation to Adiabati Theory
The eigenfuntions of the following eigenvalue equation [17℄ form a omplete
set of orthogonal hyperspherial adiabati basis funtions. Changing, a bit, the
usual notation:[
1
R′2
(
∂2
∂θ2
+
1
4
)
− 1
R′
C (θ) + Λκ (R
′)
]
Bκ(θ;R
′) = 0, (37)
11
where R′, a real parameter in this equation, is held xed; κ = 0, 6, 12, ... and
Λκ (R
′) → (κ2 − 1/4)/R′2 as the interation is turned o. The unnormalized
eigenfuntions
Bκ(θ;R
′) = cos
[
qκ
(
θ − jpi 3
)]
, (38)
where j is an integer suh that
∣∣θ − j pi3∣∣ < pi6 and qκ satises
qκ tan
(pi
6
qκ
)
=
piR′c
6
. (39)
In the adiabati approah the parameter R′ is identied with the hyper radius
R. For E < 0 there is only one open hannel, labeled by κ = 0. For large R, the
hannel funtion is onentrated along the lines dened by θ = θj . Aordingly it
an represent the two-body bound state. For E > 0, there is an innite number
of open hannels, labeled by the suessive numbers κ, equal and greater than
zero. They desribe, asymptotially, three free partiles or a two-body bound
state, together with a free partile.
Note that the funtion ρ(ν), Eq.(18), is a real funtion if, and only if, ν
takes on values along the imaginary or the real axis, see Fig. 2. It an be
seen that the pseudo-Sturmian funtion dened in Eq.(9) oinides, apart from
normalization onstants, with the lowest adiabati funtion B0(θ;R
′) when ν =
q0 is an imaginary number and ρ(ν) = R
′(q0). Also, if ν = qκ are in the
real intervals (3 + [κ− 6] , 9 + [κ− 6]) with κ = 6, 12, ..., then ρ(ν) = R′(qκ)
and the pseudo-Sturmian funtions beome equal, exept for the normalization
onstants, to the adiabati eigenfuntions Bκ(θ;R
′).
Thus, in the ase of the example onsidered in this paper, that is E < 0 and
the 2 + 1 system, the integral Eq.(12), along the imaginary axis in the omplex
ν plane, an be written in terms of the lowest adiabati funtion as
Ψ(R, θ) =
∫
ς
dνA(ν)B0 (θ;R
′(ν))Zν(KR), (40)
where ν runs from −i∞ to i∞ . The most important ontribution of the adia-
bati funtions to the integral, at large R, omes from the lines θ = θj , where
two of the partiles are joined. When these adiabati funtions are multiplied
by the appropriate Bessels funtions, their linear ombination (Eq. (40)) should
have the orret asymptoti behaviour, and will represent a two-body bound
system in the olliding with a third partile.
Conlusions and Outlook
We have shown that the integral representation approah within the hyperspher-
ial ontext, when applied to MGuire's model, oers a reliable tool to study the
ollisional dynamis of the 3-body system. We have obtained several interesting
results, namely:
-An exat solution to the orresponding Shrödinger equation.
12
Figure 2: Plot of the pseudo-Sturmian eigenvalue ρ(ν). In (a) we plot ρ(ν) as
a funtion of ν2. In (b) the plot of (a) is rotated and ipped to give ν2 as a
funtion of ρ. For ρ positive, ν2 = Λ(ρ)ρ2 + 14 .
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-A losed form for the angular basis for this system, the pseudo-Sturmian
funtions.
-A reurrene relation for the oeients, in the expansion of the wave fun-
tion in terms of the free-partile basis.
-The S-matrix, obtained diretly from the solution of the reurrene relation.
-The relation of the present approah to the traditional adiabati approah.
-The relation of the present solution to the known plane wave exat solution.
The simpliity of the approah as ompared with the adiabati one, promises
to be very useful in extending it to more ompliated situations, like the system
with dierent masses and systems with more partiles, urrently under researh,
or systems in three dimensions modeled by ZRP potentials. In the last ase, the
method an be applied to a wide kind of systems to obtain asymptoti solutions
whih an be mathed to solutions obtained with methods like the R-matrix
one, simplifying substantially the alulations.
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APPENDIX A: Pseudo-Sturmian Funtions
Fixing ν, the general solution for the eigenvalue equation
[
∂2
∂θ2
+ ν2
]
ϕ(θ) =

ρ (ν) pic
3
5∑
j=0
δ (θ − θj)

ϕ(θ), (41)
with θj = (2j + 1)pi/6, an be written as the free angular wave solution ϕ(θ) =
Dν cos [ν (θ − γj)] , j = 0, 1, ..., 5, provided that it be ontinuous through the
boundary lines θ = θj , that is,
cos [ν (θj − γj+1)] = cos [ν (θj − γj)] , (42)
and satises the boundary onditions
lim
ζ→0
∫ θj+ζ
θj−ζ
{
dθ
[
∂2
∂θ2
+ ν2
]
ϕ(θ)
−
[
ρ (ν)
pic
3
5∑
l=0
δ (θ − θl)
]
ϕ(θ)
}
= 0, (43)
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with j = 0, 1, ..., 5 . Dν , whih does not depend on j for the symmetri solution,
determined by normalizing the wave funtion[18℄. The requirement of ontinuity
leads to the onditions γj + γj+1 = 2θj = (j + [j + 1])pi/3 or to γj−1 = γj . The
seond ondition does not satisfy (43) so we shall use the rst one, whih an
be written as γj = j pi/3. Now to fous on Eq.( 43). Continuity implies that
the integral of the seond term gives zero. For eah j, the rst and the third
terms give
lim
ζ→0
(
∂
∂θ
(cos ν [θ − γj+1])θ=θj+ς
− ∂
∂θ
(cos ν [θ − γj ])θ=θj−ς
)
−ρ (ν) pic
3
cos ν [θj − γj ] = 0. (44)
If we selet a symmetri solution, then
− ∂
∂θ
cos (ν [θj + ς − γj+1]) = ∂
∂θ
cos (ν [θj − ς − γj ]) , (45)
and taking the limit in Eq.(44), we obtain the desired form of the boundary
ondition
lim
θ−→θj
1
ρ (ν) cos (ν [θ − γj ])
∂
∂θ
cos (ν [θ − γj ]) = −pic
6
, (46)
where j = 0, 1, ..., 5. Calulating the derivative and the limit in Eq. (46) yields
6
pic
v tan νpi/6 = ρ (ν) . (47)
We onlude that cos [ν (θ − jpi/3)] , j = 0, 1, ..., 5, satises Eq.(41), pro-
vided that ρ (ν) satises Eq.(47).
APPENDIX B: Derivation of the plane wave representation in
terms of artesian oordiantes
For the 2+1 system, and aside from an ultimate normalization, the inoming
wave funtion from Eq.(31) an be written in terms of artesian oordinates, as
ψi = exp
{
pic
6
(
x1 − x2√
2
cos
[
(j − 1) pi
3
]
+
x1 + x2 − 2x3√
6
sin
[
(j − 1) pi
3
])
−ik
(
x1 + x2 − 2x3√
6
cos
[
(j − 1) pi
3
]
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− x1 − x2√
2
sin
[
− (j − 1) pi
3
])}
+exp
{
−pic
6
(
x1 − x2√
2
cos
[
(j + 1)
pi
3
]
+
x1 + x2 − 2x3√
6
sin
[
(j + 1)
pi
3
])
−ik
(
x1 + x2 − 2x3√
6
cos
[
(j + 1)
pi
3
]
− x1 − x2√
2
sin
[
− (j + 1) pi
3
])}
(48)
Evaluating the trigonometri funtions for j = 0 in the above expression, the
argument of the rst exponential funtion takes the form
i [ − 2√
6
k x1 +
(
−i pic
6
√
2
+ i
1√
6
k
)
x2
+
(
i
pic
6
√
2
+ i
1√
6
k
)
x3.
]
(49)
By labeling the partile wave numbers as in [17℄,
k1 = i
pic
6
√
2
− 1√
6
k,
k2 = −i pic
6
√
2
− 1√
6
k,
k3 =
√
2
3
k, (50)
the inoming wave takes the form
ψi = exp {−i (k3x1 + k2x2 + k1x3)}j=0
+ exp {i (k2x1 + k3x2 + k1x3)}j=0
The outgoing wave for j = 0 an be obtained from the inoming one by substi-
tuting k by −k, whih in turns means interhanging k1 ⇌ k2 and inverting the
sign of the whole argument within all exponentials, that is,
S
[
exp {−i (k1x1 + k3x2 + k2x3)}j=0
+ exp {i (k3x1 + k1x2 + k2x3)}j=0
]
.
The wave assoiated to the fator S3 an be written as
exp {−i (k1x1 + k2x2 + k3x3)}j=0
+ exp {i (k2x1 + k1x2 + k3x3)}j=0
]
.
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The above results orrespond to the setor j = 0 in the (ρ, θ) plane, in whih the
order of partiles is given by x2 < x3 < x1. The waves in dierent setors an be
obtained by the appropriate permutation of the set of oordinates {x1, x2, x3}.
The ompletely symmetri wave plane may then be written as
ψ = Σp
[{
exp [−i (k3x1 + k2x2 + k1x3)]j=jp
+ exp [i (k2x1 + k3x2 + k1x3)]j=jp
}
+S(p)
{
exp [−i (k1x1 + k3x2 + k2x3)]j=jp
+exp [i (k3x1 + k1x2 + k2x3)]j=jp
}
+S3(p)
{
exp [−i (k1x1 + k2x2 + k3x3)]j=jp
+ exp [i (k2x1 + k1x2 + k3x3)]j=jp
}]
(51)
where the sum runs over all permutations of the set {x1, x2, x3}.
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